I. INTRODUCTION
The term "bent" was coined by Rothaus [l] to describe any (0, 1 } functionfdefined on the vector space v" (under mod 2 addition) of binary {0, l} m-tuples, having the property that all the Fourier-transform coefficients F(I), 1 E V", of ( -1 y have unit magnitude. The following defining relation of the Fourier transform was used in his paper and g( * ), g: I'""' + (0, 1 }, is arbitrary.
The functions in Rothaus' second class were recursively defined. Several properties of bent functions are presented by Rothaus, including a proof for the non-existence of bent functions over V for the case when m is odd. ' In a private communication to Dillon [2] , Maiorana generalized Rothaus' Class I bent functions by proving that functions of the form f(x)=x~~(xl)+g(xl)~
where x,, x2, and g( . ) are as defined in (2) and rt is an arbitrary permutation of the elements of V"'12, are also bent. Dillon [2] showed that bent functions are the characteristic functions of elementary Hadamard difference sets and a comprehensive survey of such difference sets can be found in his dissertation. Two bent functions are said to be equivalent, if one can be obtained from the other via an aMine or linear transformation in coordinates. All previously known constructions [3-61 for elementary Hadamard difference sets have been shown by Dillon to result in bent functions equivalent to those defined by Eq. (3). Finally, a recent paper of Dillon's [7] establishes through example, the existence of bent functions not equivalent to any in (3) .
The authors' interest in bent functions arises from a recent paper by Olsen, Scholtz, and Welch [S] in which bent functions are employed to construct families of binary sequences, which possess properties well suited for application in code-division multiple-access communications systems. Our generalization of bent functions is primarily motivated by a desire to obtain generalized versions of these sequences, having symbols drawn from GF(p), p a prime.
As a logical extension of Rothaus' notion of a bent function, we define generalized bent functions here in the following manner:
Let Jy denote the set of m-tuples with elements drawn from the set of integers modulo q, and set i= fi, w = ei'2rr'y'. It will be assumed throughout that q is greater than 1. DEFINITION 1. Let g be a complex-valued function defined on J;. The Fourier transform of g is then defined to be the function G given by ' The properties of generalized bent functions are examined in Section III and it will be seen that the generalized versions share many properties such as the connection with Hadamard matrices, in common with their binary counterparts. Some properties of generalized bent functions are unique to the general case in the sense that the corresponding binary results are uninteresting. For example, generalized bent functions possess the convenient property that the Fourier coefficients of yf have unit magnitude for every choice of complex primitive qth root y of unity-a perfectly trivial statement in the binary case. On the other hand, some properties of binary bent functions do not readily extend to the general case. It is a simple matter to show that the Fourier coefficients of a binary bent function are always of the form & 1 and that bent functions over Ym do not exist when m is odd. Establishing analogous properties for generalized bent functions turns out however, to be far more difficult and much of the material in Sections II and III is devoted to this task. Some relevant propositions concerning cyclotomic fields are presented in Section II and used in the next section to derive partial analogues of these properties. Specifically, several values of q and m are identified for which each Fourier coefficient of every bent function over Jy is a root of unity. In addition, when m is odd, it is shown that there are many values of q of the form q = 2 (mod 4) for which bent functions over Jy do not exist.
For every value of q and m (other than m odd and q = 2 (mod 4)), constructions for bent functions over Jy are provided in Section IV.
II. CYCLOTOMIC FIELDS
En route to establishing the propositions concerning cyclotomic fields mentioned above, we recount briefly here a few known properties of cyclotomic fields. For a more detailed description of these properties, the reader is referred to [9-131. Let C, denote the cyclotomic field generated by w over the rationals, i.e.,
The Galois group G of C,/Q is an Abelian group each element cr of which raises w to a power relatively prime to q and is uniquely determined by this action. We use c* to denote the automorphism performing complex conjugation, i.e., o*(W) = w '. (6) An algebraic integer x of a number field is a root of unity iff all its conjugates O(X) (where g belongs to the Galois group of the number field) have unit magnitude. For the particular case of cyclotomic fields, the Abelian nature of G ensures that x0*(x) = 1 *cr(xff a*(o(x)) = 1 all LEG, and we therefore have If XE B\Z, the symbol [s] will be used to denote the ideal of B generated by X. If x is a rational integer, the symbols [x] and B[x] will distinguish between the ideals of Z and B generated by X. Let p, a rational prime dividing q, be such that q=pk.m, k>,l (p, m)= 1.
The decomposition of B[p] in B is then of the form
where for each i, P, is a prime ideal of B.
Let G, denote the subgroup of G (called the decomposition group of P,) that maps P, back onto itself, i.e., G,= {aeG) a(P,)=P,j.
19)
Then G, also fixes each of the other ideals Pi, i = 2,..., g. The quotient fields (B I Pi), i= 1, 2,..., g, are isomorphic and can be regarded as extensions of the field (Z 1 [p] ) as each contains an image of the latter. For each i, i= 1, 2 ,..., g, there exists a homomorphism ei mapping G, onto the Galois group of (B 1 P,)/(Z 1 [p] ). The homomorphisms ($i} share a common kernel called the inertial group I,.
The nature of the Fourier coefficients of a bent function is more easily determined in those cases when q is such that Q* belongs to the decomposition group G, of each prime p dividing q. Such values of q will now be identified. When m equals 1, i.e., q is of the form q=pk, k3 l,pprime, the ideal B[p] decomposes according to
For each element o in G, the algebraic integers 1 -w and 1 -a(w) generate the same ideal as each is a unit times the other. Thus the entire Galois group G fixes [ 1 -w] and in particular we have PROPOSITION 2. Let q =pk, k 2 1, p prime. Then IS* E G,.
In the general (m > 1) case, the inertial group ZP is precisely the subgroup CL of G fixing each element of the cyclotomic field C,. Let 4 = ei2n'm and q=e "'l@ . Y B the Chinese remainder theorem, an element o of G is completely determined by its action on 5 and 7. Let (TV denote the automorphism of C,/Q defined by
Then the quotient group G,/Z, is the cyclic group generated by the coset up Zp . Since a*(t)=r-', it follows that cr* E G, iff 3 an integer 13 p'= -1 (modm). 
Using Eq. (14) and arguing about the dimension of various cyclotomic fields, one can establish Let y be any complex primitive qth root of unity. Then y = wr for some integer Y, 0 < r < q, (r, q) = 1 and there exists an automorphism or mapping w onto y. Since f is bent, S(f, 1) is an algebraic integer having magnitude equal to fi.
One can now argue as in the proof of Proposition 1 to show that i.e., As 1 runs through the elements of Jy, so does t-1 and the proposition follows.
Q.E.D. 
Without loss in generality, it can be assumed that the decomposition of B[q] into prime ideals of B is given by
where for some r, 1 6 r 6 1, the ideals T, , T2,..., T, are the only prime ideals dividing B [2] . From (8), it follows that the exponents C,, C2,..., C, equal d(2), i.e., 1. Combining Eqs. (17) and (18) we obtain
Let c1 be the largest integer such that Ttf I [S(f, A)]. From Proposition 2 if q satisfies condition (i), and Proposition 3 if condition (ii) of the property is satisfied, it follows that r~* E G, and therefore T;l is also the largest power of T, dividing [a*{S(f; k))]. But m in (19) is odd so the uniqueness of prime ideal factorization yields a contradiction.
Q.E.D.
In the next property, several values of q and m for which each Fourier coeffkient of every bent function over .I: is a root of unity are identified. 
is therefore an algebraic integer. As f is bent, this algebraic integer has unit magnitude and must by Proposition 1, be a root of unity. Q.E.D.
We point out that the last argument in the proof of Property 7 does not assert F(k) to be a root of unity belonging to the cyclotomic field C,. This is not true in general and indeed, from Proposition 4 and the definition of the Fourier transform it follows that m even, q arbitrary or m odd, q = 0, 1 (mod 4) *WI E C,,
m odd, q = 2,3 (mod 4) *F(h) E C,,\C,,.
Since a root X of unity in C, is of the general form x = ei(*U*q)k , q odd,
for some integer k, by combining Eqs. (23) (24) and (25) one obtains Property 8. Let w = ei2'ly, y = ei2'/*q, and 6 = ei2"'4q. Let I, E Jy be fixed and letfbe a bent function over J; whose Fourier coefficient F(k) is a root of unity. Then F(1) is of the form for some integer k.
Many of the constructions for bent functions over .Jy provided in Section VI result in bent functions whose Fourier coefficients are integral powers of w. We give a name to such bent functions. 
IV. CONSTRUCTIONS
This section provides constructions for bent functions over J; for every possible value of q and m excepting the case when m is odd and q= 2 (mod 4). When m is even, Theorem 1 below states that all functions having the generalized format (given by (3)), of Rothaus' Class I bent functions are bent over Jy for every arbitrary positive value (greater than 1) of the integer q. z is an arbitrary permutation of the elements of Ji and g is an arbitrary function mapping from Jt into Ji, is bent.
Proof
The Fourier transform F of ti is given by
XEJ,"
Let 1 E Jy be fixed and 1,) a, E J$ be defined by 
Replacing the sum over x in (28) by sums over the components xi, xq of x and substituting the expressions for f (. ) and 1 contained in (27) and (29), one obtains that
The inner sum vanishes unless I = 1, or 'equivalently, unless
x,=x-1(1,), and therefore so that IF(k)I = 1.
Since h was chosen arbitrarily, f is bent.
Property 3 in Section III shows that given a bent function over .$, bent functions over J; for every value of m, can be very simply obtamed by adjoining m copies of the one-dimensional bent function. Accordingly, the remainder of this section is devoted to providing constructions for onedimensional (m = 1) bent functions over the integers modulo q for every q, q # 2 (mod 4). When q is odd, i.e., q = 1, 3 (mod 4), Gauss sums provide a convenient means of generating bent functions. Recognizing the summation to be a Gauss quadratic sum, and using (14), we get It now remains to provide a construction for bent functions over J: for the case when q=O (mod 4). The cases (q= 2k, k> 1, k even), (q= 2k, k > 1, k odd), and (q = 2k. r, k > 1, r odd) will be handled separately.
A method of constructing one-dimensional bent functions over the integers module q for the case when q is a perfect square is contained in Theorem 3 below. As a special case of this construction, bent functions over J:, q = 2k, k > 1, k even are obtained. Frank and Zadoff [ 151 and subsequently Heimiiler [16] , constructed sequences of period q with symbols drawn from Ji, q a perfect square, that have ideal autocorrelation properties. By Property 4, these sequences can be viewed as one-dimensional bent functions over J:. The construction in Theorem 3 defines a larger class from which the earlier constructions may be recovered by appropriately choosing the arbitrary function g( . ) contained in the construction. Clearly, a different construction is needed when q is an odd power (greater than 1) of 2. The construction for this case given in 
K is an arbitrary permutation of the elements of JF and g is an arbitrary
integer-valued function defined on J:', is bent.
Proof:
Let A E J: be fixed and A,, A, E J:' be defined by Since A E J: was arbitrarily chosen, f is bent. Q.E.D.
The constructions of bent functions given in Theorems 1, 3, and 4 and the construction for the case q = 1 (mod 4) given in Theorem 2 have all resulted in regular bent functions. It is interesting to note that the function (also bent, by Property 9) contained in the exponent of the corresponding Fourier transform of each of these regular bent functions has the same form as the bent function itself (within a multiplication of the exponent by an integer in Ji relatively prime to q, which corresponds to a different choice of complex primitive qth root of unity w).
The only remaining value of q (q = 0 (mod 4)) for which bent functions have not been constructed is the case when q is of the form q = 2'. r, 1>1, r>l,rodd.
An attempt by the authors at combining a bent function over J$ obtained from the construction in Theorems 3 and 4 (depending upon whether 1 is odd or even), with a bent function over Jj derived from a Gauss quadratic sum proved successful and Theorem 5 provides the details. 3 In the theorem, we make use of the following observation. Let r and 1 be as in (42). Since r is odd, 3 integers a,, b, such that a,2" -bbor= 1.
The set A of all integer pairs (a, 6) such that (43) holds is given by A={(a,,b,)+(kr,k2'-')lk~Z).
Clearly there exists a pair (e,f) in A for which 
where A' = -{f(r + 1)' + (r + 2)) . ;1 (mod 2'). Since h is bent over J$, so is fover Ji. Q.E.D.
By Properties 7 and 8, the function h in Theorem 5 is necessarily a regular bent function and it is clear from (50) that the same is true off:
